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A NEW FORM OF FUZZY GENERALIZED BI-IDEALS
IN ORDERED SEMIGROUPS

HipavyaT ULLAH KHAN*, NOR HANIZA SARMIN, AND ASGHAR KHAN

Abstract. In several applied disciplines like control engineering,
computer sciences, error-correcting codes and fuzzy automata the-
ory, the use of fuzzified algebraic structures especially ordered semi-
groups and their fuzzy subsystems play a remarkable role. In this
paper, we introduce the notion of (€, € Vq,)-fuzzy subsystems of
ordered semigroups namely (€, € V@, )-fuzzy generalized bi-ideals
of ordered semigroups. The important milestone of the present pa-
per is to link ordinary generalized bi-ideals and (€, € Vq,)-fuzzy
generalized bi-ideals. Moreover, different classes of ordered semi-
groups such as regular and left weakly regular ordered semigroups
are characterized by the properties of this new notion. Finally, the
upper part of a (€, € Vq,)-fuzzy generalized bi-ideal is defined and
some characterizations are discussed.

1. Introduction

Fuzzy set theory [1] is a useful tool to describe situations in which the
data are imprecise or vague and handle such situations by attributing
a degree to which a certain object belongs to a set. Further, utilizing
this fundamental concept of fuzzy set Rosenfeld introduced the notion
of fuzzy subgroup [2]. Bhakat and Das [3] generalized Rosenfeld’s fuzzy
group theory and defined (€, € Vq)-fuzzy subgroup by utilizing the com-
bine notions of “belongingness” and “quasi-coincidence” of fuzzy point
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and fuzzy set [4]. In addition, Davvaz and Khan [5] discussed some char-
acterization regular ordered semigroups in terms of (a, 3)-fuzzy gener-
alized bi-ideals, where «, 5 € {€,q,€ Vq,€ Aq} and a #€ Aq. Moreover,
in the semigroup theory the notions of generalized fuzzy (interior, bi-,
left, right, quasi) ideals was studied respectively in ([6-9]). Kazanchi
and Yamak [7] gave (€, €V q,,)-fuzzy bi-ideals of a semigroup and in [10]
Shabir et. al studied (€, € V qy,)-fuzzy ideals, generalized bi-ideals and
quasi-ideals of a semigroup and characterized regular semigroups by the
properties of these ideals. The reader is referred to [11-21] for further
study regarding («, 5)-fuzzy subsets and its generalization.

The aim of this paper to investigate more general form of fuzzy gen-
eralized bi-ideals. In this connection the notion of (€, € V q,)-fuzzy
generalized bi-ideals of ordered semigroup is introduced. In addition,
Characterizations of regular, left weakly regular ordered semigroups by
means of (€, € V q,)-fuzzy generalized bi-ideals and (€, € V q,)-fuzzy bi-
ideals are discussed. Further, the concepts of (€, €V, )-fuzzy left (right)
ideals are also presented and some related properties are discussed.

2. Basic Definitions and Preliminaries

By an ordered semigroup (or po-semigroup) we mean a structure
(S, -, <) in which the following conditions are satisfied:

(0OS1) (S,-) is a semigroup,

(0S2) (S,<) is a poset,

(053)a<b—>aa;<ba:anda<b—>xa<mbforalla br e S.

For subsets A, B of an ordered semigroup S, we denote by

AB = {abe S|a€ Abe B},
(A] = {teS|t<hforsomehec A}.

If A = {a}, then we write (a] instead of ({a}]. For any A,B C S we
have A C (A], (A](B] C (AB] and ((A]] = (4].

Let (S,+,<) be an ordered semigroup. A non-empty subset A of S
is called a subsemigroup of S if A> C A. A non-empty subset A of S is
called a left (right) ideal of S if

(i) Vae S)(Wbe A) (a<b—ac A,

(i) AS C A(SAC A).

A non-empty subset A of an ordered semigroup S is called a gener-
alized bi-ideal [22] of S if

(i) (Vae S)(Vbe A) (a<b—ac A,

(ii) ASA C A.
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A non-empty subset A of an ordered semigroup S is called a bi-ideal
[23] of S if

(i) (Vae S)(Vbe A) (a<b— a€ A,

(ii) A2 C A,

(iii)) ASA C A.

Note that, every bi-ideal of S is a generalized bi-ideal of S, but the
converse is not true, as shown in [22].

An ordered semigroup S is regular [23] if for every a € S, there
exists € S such that a < aza, or equivalently, we have (i) a € (aSa]
Va € S and (ii) A C (ASA] VA C S. An ordered semigroup S is called
left (right) regular [23] if for every a € S there exists x € S such that
a < wa®(a < a’z), or equivalently, (i) a € (Sa?](a € (a%5]) Va € S
and (ii) A C (SA2%](A C (A2%S]) VA C S. An ordered semigroup S is
called left (right) simple [23] if for every left (right) ideal A of S we
have A = S and S is called simple [23] if it is both left and right simple.
An ordered semigroup S is left (right) regular [23] if for every a € S,
there exists # € S, such that a < za? (a < az), or equivalently, (i)
a € (Sa?] (a € (aS]) Va € S and (ii) A C (SA?] (A C (A%S]) VA C S.
An ordered semigroup S is called completely regular [23] if it is left
regular, right regular and regular. An ordered semigroup S is called left
weakly regular [22] if for every a € S, there exist xz,y € S such that
a < zaya, or equivalently, (i) a € ((Sa)?] Va € S and (ii) A C ((SA)?]
VA C S. Right weakly reqular ordered semigroups are defined similarly.
An ordered semigroup S is called weakly regular if it is both a left and
right weakly regular.

Note that if S is commutative, then the concepts of regular and
weakly regular ordered semigroups coincide.

By B(a) (L(a), R(a) and I(a)) we mean the generalized bi-(left, right
and two-sided) ideal of S generated by a (a € S) denoted by

B(a) = (aUaSal,L(a) = (aUSa],R(a) = (aUal],
I(a) = (aUSaUaSUSaS] (see [22, 23]).

Now, we give some fuzzy logic concepts.

A function F' : S — [0,1] (unit closed interval) is called a fuzzy
subset of S.

The study of fuzzification of algebraic structures has started in the
pioneering paper of Rosenfeld [3] in 1971. Rosenfeld introduced the no-
tion of fuzzy groups and successfully extended many results from groups
in the theory of fuzzy groups. Kuroki [24] studied fuzzy ideals, fuzzy
bi-ideals and semiprime fuzzy ideals in semigroups (also see [25-27]).
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If F' and G are fuzzy subsets of S then F' < G means F (z) < G (z)
for all z € S and the symbols A and V will mean the following fuzzy
subsets are defined as follow for all x € S:

FAG : S—0,1]jlx+— (FAG)(z) =F () NG (z) = min{F (z),G (2)},
FvG : S—0,1]jlz+— (FVG)(z)=F(z)VG(z)=max{F (z),G ()}

A fuzzy subset F' of S is called a fuzzy subsemigroup if
F (zy) > min{F (z),G (y)} for all z,y € S.

A fuzzy subset F of S is called a fuzzy generalized bi-ideal [22] of S if:

i)z <y— F(z) 2 F(y),

(i) F (xyz) > min{F (z),F (2)} for all z,y,z € S.

A fuzzy subset F of S is called a fuzzy left (right)-ideal [23] of S if:

()o<y— F@) Py,

(ii) F (zy) > F (y) (F (zy) > F (x)) for all z,y € S.

A fuzzy subset of S is called a fuzzy ideal if it is both a fuzzy left and
right ideal of S.

A fuzzy subsemigroup F' is called a fuzzy bi-ideal [23] of S if:

(i)z<y— F(z) 2 F(y),

(ii) F (xyz) > min{F (x), F (z)} for all z,y,z € S.

Note that every fuzzy bi-ideal is a generalized fuzzy bi-ideal of S. But
the converse is not true, as given in [22].

Let F' be a fuzzy subset of an ordered semigroup .S, then for all
t € (0,1], the set U(F;t) = {x € S|F (z) >t} is called a level set of F.

Theorem 2.1. ([28]) A fuzzy subset F' of an ordered semigroup S is
a fuzzy left (right)-ideal of S if and only if U(F;t) (# 0) where t € (0, 1]
is a left (right)-ideal of S.

Theorem 2.2. ([5]) A fuzzy subset F' of an ordered semigroup S is a
fuzzy generalized bi-ideal of S if and only if U(F';t) (# ) where t € (0,1]
is a generalized bi-ideal of S.

Theorem 2.3. ([28]) A non-empty subset A of an ordered semigroup
S is a left (right)-ideal of S if and only if

1, ifx € A,

. S 0.1 =
Xa S — [0, 4]je = xa(2) {0, ifz ¢ Al

is a fuzzy left (right)-ideal of S.
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Theorem 2.4. ([5]) A non-empty subset A of an ordered semigroup
S is a generalized bi-ideal of S if and only if

1, ifx € A,

. S 0,1 =
Xa 8 — [01]lz— xa(@) {0, ifz g A

is a fuzzy generalized bi-ideal of S.

If a € S and A is a non-empty subset of S. Then,
A, ={(y,2) € S x S|a <yz}.

For any two fuzzy subsets F' and G of an ordered semigroup S, the
product F' o G is defined by:

V  (F)AG(2), if A #0,

FoG:58—[0,1)Ja— (FoQG)(a) =< (y,2)€4.
0, if A, =0

Let F be a fuzzy subset of S, then the set of the form:

te (0,1, ify==x,
F(y) = 0.1 :
0, otherwise,

is called a fuzzy point with support z and value t and is denoted by
(z;t) [2]. A fuzzy point (x;t) is said to belong to (quasi-coincident with)
a fuzzy set F, written as (z;t) € F ((z;t)qF) if F(z) >t (F(x)+t > 1)
[2]. If (z;t) € F or (z;t)qF, then we write (z;t) € VqF. The symbol
€ Vq means € Vq does not hold.

Generalizing the concept of (x;t)qF, in semigroups, Khan et. al. [9]
defined (z;t)qiF, as F(z) +t+k > 1, where k € [0,1).

Throughout in this paper S will denote an ordered semigroup unless
otherwise specified.

3. (€,€Vq)-fuzzy generalized bi-ideals

In this section, we define a more generalized form of («, §)-fuzzy gen-
eralized bi-ideals of an ordered semigroup S and introduce (€, € V q;)-
fuzzy generalized bi-ideals of S, where a € {€,q,€E AQ, €V q} and k is
an arbitrary element of [0,1) unless otherwise specified.

Definition 3.1. A fuzzy subset F of S is called a (€, € V q,)-fuzzy
subsemigroup of S if for all z,y € S and t € (0, 1] the following holds:

(xy;t) EF — (z;t) EVqLE or (y;t) €V Q,F.
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Definition 3.2. A fuzzy subset F of S is called a (€, € V q,)-fuzzy
generalized bi-ideal of S if for all z,y,z € S and ¢ € (0, 1] the following
conditions hold:

(1) (Vo <y), (z;1) €EF — (yit) EV G F,

(2) (xyz;t) EF — (x;t) EV qF or (y;t) €V q,F.

Lemma 3.3. For any fuzzy subset F' of an ordered semigroup S and
for all x,y € S and t € (0, 1] the following conditions are equivalent:

(la) (Vz <), (z;t) €F — (y;1) €V G F,

(1b) (Vo < y), max {F(z), 55} > F(y).

Proof. (1a) = (1b): Suppose that there exist z,y € S with z < y
such that

1—k
max { Fe), - b < F(y),
then
1—k

1-k
max{F(ac),Q} <t < F(y) for some t € <2,1] )

Shows that (z;t) €F but (y;t) € AqrF, a contradiction. Therefore we
accept that
1—k .
max < F(z), 5 > F(y) for all x,y € S, with x < y.

(1b) = (la): Let (z;t)€F for all z,y € S such that x < y and
t € (0,1], then F(z) < t. If

mw{ﬂ@f;k}zpwy

then F(y) < F(z) < t follows that (y;t) €F. On the other hand if

1-k 1-k
max{F(m), 5 }: 5

then F(y) < % Suppose that (y;t) € F, then t < F(y) < % follows
that (y;t) qF consequently (y;t) € V qF. O

Lemma 3.4. Let F' be a fuzzy subset of an ordered semigroup S.
Then the following conditions are equivalent for all x,y € S and t €
(0,1]:

(2a) (zy;t) EF = (231) EV gy or (y;) EV Gy,

(2b) max { F(zy), 555} > min {F(z), F(y)}.
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Proof. (2a) => (2b): Let max {F(zy), %} < min{F(z), F(y)} for
some x,y € S, then
1—k . 1—k
max ¢ F(zy), —5 (< t < min{F(z), F(y)} for some t € — 1.

shows that (zy;t) €F but (z;t) € AqpF and (y;t) € AqpF a contradic-
tion. Hence

max {F(xy), 12]{:} > min{F(z), F(y)} for all z,y € S.

(2b) = (2a): If (xy;t)EF for all z,y € S such that © < y and
t € (0,1], then F(zy) < t. Consider

o { Plan), 157 = Fa)
then
min {F'(z), F(y)} < max {F(my), 1;k} = F(zy) <t,

follows that (x;t) €EF or (y;t) €F. But if

max{F(xy),l_k}: Lk

2 2 7
then

min {F'(z), F(y)} < max{F(my), 1;k} = 1;k.

Suppose that (z;t) € F or (y;t) € F. Then t < F(z) < 5E or t <
F(y) < % follows that F'(z) +t < %—l—% =1l—kor Fly)+t<
1k —t% = 1—k. Hence (z;t) q,F or (y;t) g, F. Thus (z;t) €V g,F or
y;t) EV G F. O

—~

Lemma 3.5. Let I' be a fuzzy subset of an ordered semigroup S.
Then for all x,y,z € S and t € (0,1], the following conditions are
equivalent:

(3a) (xyz;t) €EF = (z;t) €V q,F or (z2;t) €V G, F,

(3b) max{F(zyz), 5E} >min{F(z), F(2)}.

Proof. Follows from the proofs of Lemma 3.3 and 3.4. 0
From Lemma 3.3 and 3.5, we have the following theorem:

Theorem 3.6. A fuzzy subset F' of S is a (€, € V q,)-fuzzy general-
ized bi-ideal of S if and only if it satisfies the condition (1b) and (3b).
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Definition 3.7. A fuzzy subset F which is both a (€, € V @, )-fuzzy
generalized bi-ideal and a (€, € V qj,)-fuzzy subsemigroup of S is called
a (€,€Vqy)-fuzzy bi-ideal of S.

From Lemma 3.3, 3.4 and 3.5, we have the following theorem:

Theorem 3.8. A fuzzy subset F of S is a (€, € V q,)-fuzzy bi-ideal
of S if and only if it satisfies the condition (1b), (2b) and (3b).

Theorem 3.9. Let F' be a fuzzy subset of an ordered semigroup S.
Then F is (€, € V q;,)-fuzzy generalized bi-ideal of S if and only if

U(F;t)y={zeS|F(z)>t}#0
is generalized bi-ideal of S for all t € (%, 1].

Proof. Let F be (€,€V q)-fuzzy generalized bi-ideal of S and t €
(15%,1] be such that U (F;t) 75 (). Then by Lemma 3.3 (1b),

{ }fora<b€U(Ft)

follows that t < F (b) < m X{F Zk} that is F'(a) > t (as t €

(L5 k ,1]) hence a € U (F; )
Next, we let a,c € U (F';t), then by Lemma 3.5 (3b),

max{ F (abe), 2]‘“} F(c)} > min {t,t} = ¢.

follows that F (abc) >t (as 5%,1]), hence abc € U (F;t).

Conversely, let U (F';t) | F ( ) >t} # (0 be a generalized
bi-ideal of S for all ¢ € (T 1]. Let a,b € S with a < b such that
F(b) > max{F(a),5%}, then F(b) > to > max{F (a),5%} for
some ty € (%,1]. This shows that b € U (F;tg) but a€U (F;tp), a
contradiction and hence F' (z) < max {F (y), 5%} for all z < y. O

Example 3.10. Consider the ordered semigroup S = {a, b, ¢, d} with
the following multiplication table “-” and order relation “<”:

alblcl|d
alalalala
blalalala
clalal|bla
dlalal|b]|b

<i= {(av a) ) (bv b) ) (676) ) (d7 d) ) (a7 b)}
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Then {a}, {a, b}, {a,c},{a,d},{a,b,c},{a,c,d} and {a,b, c,d} are gen-
eralized bi-ideals of S. However, {a,c},{a,d} and {a,c,d} are not bi-
ideals of S. Define a fuzzy subset F' of S as follows:

0.50, if x =a,

F:S— 01z — Flz) = { 10 T z=b

0.30, if z=c,
0.40, if xz=d.
Then
(S, if 0.00 <t < 0.10,

{a,c,d}, if 0.10 <t < 0.30,
UF;t) =4 {a,d},  if 0.30 <t < 0.40,
{a}, if 0.40 < ¢ < 0.50,
0, if 0.50 < ¢ < 1.00.

\

Thus, by Theorem 3.9, F' is a (€, € V qy,)-fuzzy generalized bi-ideal
of S for all t € (%, 1] with k = 0.3.

Note that, every (€, € V q,)-fuzzy bi-ideal of S is a (€, € V q;,)-fuzzy
generalized bi-ideal of S. However, the converse is not true, in general,
as shown in the following example.

Example 3.11. Consider the ordered semigroup as shown in Exam-
ple 3.10. Then F'is a (€, € V qy,)-fuzzy generalized bi-ideal of S but F is
not a (&€, € Vv qy,)-fuzzy bi-ideal of S because by condition (2b) of Lemma
3.4, we have

max {F(a:y) , 12";} > min {F (z), F (3)} .

If x =y=dand k= 0.3 then

max {F (dd) = 0.1, # = 0.35} # F(d) =0.4.

Proposition 3.12. If F is (€, € V q)-fuzzy generalized bi-ideal of S
and

1-k
FM:{GES‘F(G)>}7
2 2

then F1 is a generalized bi-ideal of S.
2
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Proof. Let a,b € S such that @ < b € Fi1x. Then by Lemma 3.3
2
(1b),
1—k 1—k
max{F(a),2} >F(b) > —.

2
This implies F (a) > 15 (since 155 # 155) ie. a € Fix.

Next, we let a,b,c € S such that a,c € Fi_k. Theé by Lemma 3.5
2
(3b),

1-k
max {F(abc) , 2} > min{F (a),F (c)}
1-k
2
From this we see that F (abc) > 5% (since 5% # 15%) and we write
abc € F1_r. Hence Fi_i is a generalized bi-ideal of S. ]
2 2

Consider a fuzzy subset F' of S and t € (0,1]. We define two sets as
in the following:
QF (F;t) ={w € S| [w;] g F} and [FI} = {z € S| [2;t] € Vg F}.

Theorem 3.13. If F is (€,€ V q,,)-fuzzy generalized bi-ideal of S
and

Q" (Fit) = {z € S| [x;t] u F} # 0,
then QF (F;t) is generalized bi-ideal of S for all t € (%, 1].
Proof. Let F be (€, € V q)-fuzzy generalized bi-ideal of S. Let a,b € S
such that a < b€ Q¥ (F;t) and t € (%, 1], then by Lemma 3.3 (1b)

maxd Fla), 2o s py s 1 k— sk - (12F) = 128
{rw 154} (%)

2 2

This shows F (a) > 1 — k — ¢ and we write a € Q¥ (F;t).
Next, we let a,b, ¢ € S such that a,c € Q¥ (F;t), then by Lemma 3.5

(3b),
e (.15

v

min {F (a), F (c)}
> min{l—k—t,1—k—t)
= 1—k—t.

This shows that I (abc) > 1 —k —t (as 1 — k — t > 15£) and we write
abc € QF (F;t). Hence QF (F;t) is generalized bi-ideal of S. O
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From Theorem 3.9 and Theorem 3.13 we can prove the following
Theorem.

Theorem 3.14. Let F' be a fuzzy subset of S. Then F (E,EVqy)-
fuzzy generalized bi-ideal of S if and only if [F ] = [F ]t is a
generalized bi-ideal of S for all t € (ﬂ 1].

Proposition 3.15. Every (€, € V G, )-fuzzy generalized bi-ideal of a
regular ordered semigroup S is a (€, € V G, )-fuzzy bi-ideal of S.

Proof. Let a,b € S and F be a (€, € V q;,)-fuzzy generalized bi-ideal
of S. Since S is regular, there exists x € S such that b < baxb. Then

max {F(ab), 1;]{7} = F(ab) > F(a(bzb)) = F(a(bx)b) > {F(a) N F(b)}.

This means that F' is a (€, € V q;,)-fuzzy subsemigroup of S. Thus F'
is a (€, € V q,)-fuzzy bi-ideal of S. O

Proposition 3.16. Every (€, € V §,)-fuzzy generalized bi-ideal of a
left weakly regular ordered semigroup S is a (€, € V Gy, )-fuzzy bi-ideal of
S.

Proof. Let a,b € S and F be a (€, € V q,,)-fuzzy generalized bi-ideal
of S. Since S is left weakly regular, there exist z,y € S such that
b < zbyb. Then

max {F(ab)7 1;]{:} = F(ab) > F(a(zbyd)) = F(a(xzby)b) > {F(a) NF(b)}.

This means that F'is a (€, € V q,)-fuzzy subsemigroup of S. Thus F
is a (€, €V qy,)-fuzzy bi-ideal of S. O

Remark 3.17. From Proposition 3.15 and 3.16, it follows that in
regular and left weakly regular ordered semigroups, the concepts of
(€, € Vv qy)-fuzzy generalized bi-ideals and (€, € V q,)-fuzzy bi-ideals co-
incide.

Lemma 3.18. A non empty subset A of S is generalized bi-ideal of S
if and only if the characteristic x4 of A is (€, € V G, )-fuzzy generalized
bi-ideal of S.

Proof. The proof is obvious and is omitted. O

Definition 3.19. A fuzzy subset F' of S is called (€, € V q,)-fuzzy
left (right) ideal of S if

(i) (Va,y € S,t € (0,1] andx<y)( ;1) EF — (y;t) €V G, F,

(i) (Va,y € 5.t € (0.1)) (zy: ) EF = (4y:0) EV GF (2:0) €V ,F).



580 Hidayat Ullah Khan, Nor Haniza Sarmin, and Asghar Khan

Theorem 3.20. A fuzzy subset F' of S is (€, € V q,)-fuzzy left (right)
ideal of S if and only if the following conditions hold for all x,y € S,
e (0,1
(iii) max { F (x Tk} > F (y) for all z < y.
(iv) max {F (zy), 5%} > F (y) (max {F (zy), 55} > F (2)).
k)

Proof. Let F be ( fuzzy left ideal of S and
1

Vg
max{F(a) , } < F (b) for some a,b € S with a <b.
Then

k

1—-k 1-—
max{F(a),2} <t < F(b) for some t € (2,1].

This show that (a;t) €F but (b;t) € F, a contradiction and hence
1-k
max {F (x),

} > F(y) for all z <y.
Next, we consider

2
1-k
max ¢ F' (ab) , 5 (< F (b) for some a,b e S.
Then there exist some t € (i—k, 1] such that
1—-k
max F(ab),? <t<F(b).
We see that (ab;t) €F but (b;t) € F, a contradiction and thus
1—k
wax{ P e) A5 2 P ).

Conversely, let (iii) and (iv) are satisfied for all z,y € S. Let x,y € S
with x <y such that (z;¢) €F. Then by (iii)

Fo) < max{r@). 5t

2
| F@)<t, ifF(2)> 5k,
3t if F (x) < 155,

From here we observe that (y; )@F or F( JHt+k <1 (ift < 5E)ie
(y;1) G F. On the other hand, if ¢t > 15% then (y;t) €F and consequently
(1:1) €V G, F.
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Lastly we choose x,y € S such that (xy;t) €EF, then by (iv),

1—k
Fy) < maX{F(my),2}
| F @y <t, if F(ay) > 55,
2 if F (xy) < 155,

It follows that (y;t) €F or F(y) +t+k < 1 (if t < 15E) ie. (y;t) g F.
On the other hand, if ¢+ > 3£ then (y;t) EF. Hence (y;t)€ V g, F.
Consequently, F' is (€, € V g )-fuzzy left ideal of S. Similarly one can
show this for right ideal. O

Theorem 3.21. A fuzzy subset X\ of S is a (€,€V q,)-fuzzy left
(right)-ideal of S if and only if U (\;t) (# 0) is a left (right)-ideal of S
for all t € (0,45%] .

Proof. The proof follows from Theorem 3.9. O

4. Upper parts of (€, € V g, )-fuzzy generalized bi-ideals

In this section, we define the upper/lower parts of an (€, € V q,)-fuzzy
generalized bi-ideal and characterize regular and left weakly regular or-
dered semigroups in terms of (€, € V g, )-fuzzy generalized bi-ideals and
(€,€ V qy,)-fuzzy left (right)-ideals.

Definition 4.1. ([10]) For any fuzzy subsets F' and G of S, then for
all z € S the fuzzy subsets F™, (F Ak G)+, (FVkG)T and (Fo* G)*
of S are defined as follows:

Fteo S—>[0,1Hx'—>Fk(x):F(x)\/#,
(FAG) + 8 — [0, 1fe s (FAFG)(a) = (FAC) ) v~
(FVEG)™ + S — [01]fe s (FVEG)(a) = (FV GQ)a)v -
(FE Q)+ 8 — [0, 1)l — (Fok G)a) = (Fo G)(a) v T

Lemma 4.2. Let F and G be fuzzy subsets of S. Then the following
hold:

(i) (FAF Q)" = (Fth A Gth),

(i) (FVFG)" = (Fthv Gth),
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(iii) (F ok G)" = (Ft*oGHF), if A, = 0 and (Fo* Q)" = (Ftko
GTF), if A, # 0.

Proof. (i) and (ii) follows from [10, Proposition 13].

(iii) Let a € S. If A, = 0, then (FoF G)" (a) = (Fo @) (a) v 15 =
0V 5% = £ On the other hand, (F** o G**) (a) = 0 and hence
(Ft*oGTF) < (Fo¥ G)Jr. Let A, # 0, then

1—-k

(Fo* G>+(a) = (FoG)(a)V—

1—-k
= \/ (F(y) NG(2)) V-

(y,2)€Aq

=V Fwnce) vt

(y,2)EAa

-, (o (a5

(y,2)€Aq

-V (Frwnrcthe)

(y,2)EAa
= (F‘H’C o G+k> (a). O

Let A be a non-empty subset of S, then the upper part of the char-
acteristic function X],fx is defined as follows:

L,

if x € A,
XAE S — [0,1]|z — xiM () = {1_k
2

, otherwise.

Lemma 4.3. Let A and B be non-empty subset of S. Then the

following hold:
(i) (xa A" xB)* = xhEg
(i) (xa VE xB)" = X}Eg,

(iii) (xa " xB)" = x{4p-

Proof. The proofs of (i) and (ii) are obvious.
(iii) Let x € (AB] then x(4p)(7) = 1 and hence XEXCB} (z)=1visE =
1. Since © € (AB], we have z < ab for some a € A and b € B. Then
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(a,b) € A, and A, # (). Thus

(XA oF XB)+ () = (xaoxs)(z)V %
= |V ) ase)| vt
(y,2)€AL
1-k%

> (xa(a) Axp(b) VvV —

Since a € A and b € B, we have y4(a) =1 and xp(b) = 1 and so
1-k
(xao®xp) (@) = (xala) Axp(b) vV ——

2
1-k
= (1/\1)VT:1.

Thus (xao*x5)T(z)=1= XELkB} r). Let ¢ (AB], then x(ap)(7) =
0 and hence, chfB] (x) =0V 5E = 155 Let (y,2) € A,. Then
1-k
(xao®xp)"(z) = (xaoxs)(x)V —5
1-k
= V'  Ga) Axs)| v —5
(y,2)€Ax

Since (y,z) € A, thenx <yz. If y € A and z € B, we have yz € AB
and so x € (AB]. This is a contradiction. If y ¢ A and z € B, then

1-k 1-k 1-k

V ) avs@)|visE =]y eanvioE 1ok
(y,2)€EAL (y,2)€AL

Hence, XZ‘{CB} (z) = 155 = (x4 o* xp)T (). Similarly, for y € A and

z ¢ B, we have X?FXB] () = 0= (xao* xp)T (). B

Lemma 4.4. The upper part ngk of the characteristic function x
of A is a (€, €V qy,)-fuzzy generalized bi-ideal of S if and only if A is a
generalized bi-ideal of S.

Proof. Let A be a generalized bi-ideal of S. Then by Theorem 2.4 and
3.19, Xjk is an (€, € V qj)-fuzzy generalized bi-ideal of S. Conversely,
assume that x§¥ is an (€,€ V g, )-fuzzy generalized bi-ideal of S. Let
z,2y€e S,z <y. If y € A, then Xjk(y) = 1. Since Xjk is an (€, €V qy)-
fuzzy generalized bi-ideal of S and x < y, we have, Xjk(x) > Xifk(y) =1.
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It follows that Xjk(az) =landsox € A. Let z,2 € Aand y € S. Then,
() = 1 and x}*(2) = 1. Now,

X (wyz) > x 3 @) Ax A (z) = 1.

Hence Xjk (ryz) = 1 and so xyz € A. Therefore A is a generalized
bi-ideal of S. O

Lemma 4.5. The upper part ngk of the characteristic function x4
of A is a (€,€ V Gy, )-fuzzy left (right)-ideal of S if and only if A is a left
(right)-ideal of S.

Proof. The proof follows from Lemma 4.4. O

In the following proposition, we show that if F'is a (€, € V g, )-fuzzy
generalized bi-ideal of S, then F** is a fuzzy generalized bi-ideal of S.

Proposition 4.6. If F' is a (€, € V g, )-fuzzy generalized bi-ideal of
S, then F* is a fuzzy generalized bi-ideal of S.

Proof. Let z,y € S, z <wy. Since F is an (€, €V§,)-fuzzy generalized
bi-ideal of S and @ < y, then we have F#(z) = F(z) v 5% > F(y ) It
follows that F**(z) = F(z)v i3t = (F(z) v 5E) viZE > F(y)v i
F**(y).

For z,y,z € S, we have F*¥(zyz) = F(xyz) v 155 > F(2) A F(z).
Then

??‘

1—k 1—k 1—k
Fto(zyz) = F(ayz)V = <F(xyz) v 5 > v 5
1—k

> (F(x)ANF(z))V —5

1—k 1—k
( (x) Vv 5 )/\( () V 5 )
= FF@) A FHR(2).
Consequently, F* is a fuzzy generalized bi-ideal of S. O

In [33], regular and left weakly regular ordered semigroups are charac-
terized by the properties of their fuzzy left (right) and fuzzy generalized
bi-ideals. In the following we characterize regular, left weakly regu-
lar, left and right simple and completely regular ordered semigroups in
terms of (€, € V qy)-fuzzy left (right) and (€, € V qj,)-fuzzy generalized
bi-ideals. We first need the following result.

Proposition 4.7. ([23]) An ordered semigroup S is left (right) simple
if and only if (Sa] = S ((aS] = S) for every a € S.
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Proposition 4.8. If S is regular, left and right simple ordered semi-
group then for every (€,€ V qy,)-fuzzy generalized bi-ideal F' of S we
have F*(a) = F**(b), for every a,b € S.

Proof. Assume that S is regular, left and right simple and F a (€, €V
. )-fuzzy generalized bi-ideal of S. We consider, Es = {e € S|e < €%},
then Fg is obviously non-empty. Let s,t € Eg. Since S is left and right
simple, by Proposition 4.7, it follows that S = (Ss] and S = (¢S]. Since
t € S, we have t € (Ss] and t € (sS5], then ¢t < zs and t < sy for some
z,y € S, and we have
2 < (sy)(ws) = s(yz)s.

V qy)-fuzzy generalized bi-ideal of S, we have

P viZE s Bs(ya)s) v %

2
> (F(s) NF(s))
= F(s).

Thus FR(¢%) = F(¢?) v 155 = (F(?) v igE) v 155 > F(s) v 15E =
F**(s) and we have

Since F is a (€,

v

V

thoo otk
@ F(t%) = F(s).
Since t € Eg, we have ¢t < ¢ and so F(t) vV 5% > F(¢2). It follows
that

P = (F(t)v 12]“) v 1;’“

> F(tZ)\/#,

and so F**(t) > F+k(¢2). Thus, by (I), we have F+%(t) > F**(s). On
the other hand, since ¢t € S, by Proposition 4.7, we have (St] = S = (¢5].
Since s € S, we have s € (St] and s € (¢S], then s < at and s < tb
for some a,b € S. Thus, by the same arguments as above, we get
F*F(s) > F*E(t). Tt follows that F+*(t) = F**(s) and hence F** is
constant on Fg.

Now, let a € S. Then there exists x € S such that a < aza. It follows
that

azx (axa)x

Il
=
]



586 Hidayat Ullah Khan, Nor Haniza Sarmin, and Asghar Khan

and

za < z(aza)
= za)(za)

= (za)?

Thus, ax, xa € Es. By previous arguments, we get, F**(az) = F™*(b) =
F**(za). Since (az)a(ra) = (azxa)ra > ara > a, we have

F(a) = Fla)v % > F((az)a(za)) v %
> (F(az) A F(za)).
Thus
FH () = F(a)\/%: <F(a)v 1;k> v 1;"”

> (F(az) A F(za)) V %

_ (F(aa:) v 1;’“) A (F(wa) v 1?) :

and thus F**(a) > F+*(ax) A F™*(za) = F+*(b). Since b € (Sa] and
b € (aS], we have b < pa and b < aq for some p,q € S. Then b? <
(aq)(pa) = a(gp)a and thus

F?) v % > F(a(gp)a)
> (F(a) A F(a))

(
= Fla).
Hence, F*¥(b?) = F(b?) v 15E = (F(¥?) v 1555) v 155 > F(a) v 5% and
we have, FT#(b?) > F+*(a). Since b € Eg, b*> > b, then F( )V Tk >
+k
F(b?) and hence F'(b) = F(b) v izE = (F(b)viFE)visE > F
155 it follows that F*+*(b) > F+#(b?) and so F*k(b) > FJr (a). Thus,
F*E(b) = F*%(a) and so, F** is a constant function on S. O

Proposition 4.9. ([23]) An ordered semigroup S is completely reg-
ular if and only if for every A C S, we have A C (A2SA?).

Proposition 4.10. Let S be a completely regular ordered semigroup.
Then for every (€, € V qy,)-fuzzy generalized bi-ideal F' of S, we have

Ft*(a) = F™*(a®) for every a € S.
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Proof. Let a € S. Since S is completely regular, by Proposition 4.9,
a € (a%2Sa?). Then there exists z € S such that a < a?za?. Since F is a
(€, € VvV qy)-fuzzy generalized bi-ideal of S, we have

1-k 1-k
F(a)V —— > F(a*za®)V —5

2
> (F(a®) A F(a?))

<
T
>

Thus, F**(a) = F(a) vV 5% = (F(a) v 15%)
F(a) v 5£, and it follows that F**(a) > F**(a

F**(a) = Ft*(a?) for every a € S. O

\53
V. A%
|
+
Bl
&
.
=
=
n

Theorem 4.11. If every (€, € V qy,)-fuzzy generalized bi-ideal F of
S satisfies the condition, F+*(t) = F+k(¢2) for every t € S. Then S is
completely regular.

Proof. Let t € S. We consider the generalized bi-ideal B(t?) = (#2 U
t2S5t%] of S, generated by t2(t € S). Then by Lemma 4.4,

Lk 1,  ifte B(#?),
t pu—
XB(tQ)( ) {15’2 otherwise,

is a (€, €V qy)-fuzzy generalized bi-ideal of S. By hypothesis, we have
—k —k
XB(t2)(t2) = XB(t2)(t)-
Since 2 € B(t?), we have ng’(“ﬁ)(tQ) = 1 and hence, Xglftz)(t) =1, thus
t € B(t?) and hence, t < t? or t < t2zt2. If t < ¢?, then t < 2 =t <
212 = 112 < 212 € 125t and t € (£2St?). If t < t22t%, then t € 25t
and t € (t2St?]. Thus, S is completely regular. O

Proposition 4.12. ([22]) Let S be an ordered semigroup, then the
following conditions are equivalent:

(i) S is regular,

(ii) BN L C (BL] for every generalized bi-ideal B and left ideal L of
S,

(iii) B (a) N L (a) C (B (a) L(a)] for every a € S.

Theorem 4.13. An ordered semigroup S is regular if and only if for
every (€, €V q,)-fuzzy generalized bi-ideal F' and (€, €V q,)-fuzzy left
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ideal G of S, we have

(F Nk G)+ =< (Fok G)+

Proof. Suppose that F'is a (€, € V qy,)-fuzzy generalized bi-ideal and
G a (€, €V qy,)-fuzzy left ideal of a regular ordered semigroup S. Let a €
S. Since S is regular, there exists z € S such that a < aza < (aza)(za).
Then (aza,xa) € A, and A, # (. Thus,

(Fo6) @) = Forymv it

2
- \/W)% (F)AGE)| v IS

1—
> (F(aza) NG (J:a)) v Tk

- ( aza) k)/\(G(a:a)\/lzk>
— P (aza) A G (za).

Since F'is a (€, € V @y, )-fuzzy generalized bi-ideal and G an (€, € V q,)-
fuzzy left ideal of S, we have F*¥ (aza) > F**(a) A F*(a) = F**(a)
and GT* (za) > G7* (a) . Therefore,

[F¥ (aza) A G (za)| > FH(a) A G (a) = (F AF G)+ (a).

Thus (F o G)+ (a) > (F A G)+ (a).
Conversely, assume that (F NE G)Jr = (F ok G)+ for every (€, €V qy,)-
fuzzy generalized bi-ideal F' and every (€, € V qy,)-fuzzy left ideal G of

S. To prove that S is regular, by Proposition 4.12 it is enough to prove
that,

BN L C (BL] for generalized bi-ideal B and left ideal L of S.

Let x € BN L. Then x € B and « € L. Since B is a generalized bi-ideal
and L a left ideal of S, by Lemma 4.4 and 4.5, ng is a (€,€Vqy)-
fuzzy generalized bi-ideal and sz a (€, €V qy,)-fuzzy left ideal of S. By
hypothesis, (x5 oF x1)" (z) > (xp A* x2)F (@) = (% A xE) (@) v 152
Since € B and x € L, we have x3*(z) = 1 and x}*(z) = 1. Thus
(Xig,k /\xj{k> (r) = 1. It follows that (XB ok XL)+ () = 1. By using
Lemma 4.3 (iii), we have (XB ok XL)+ = XEFEI;L]' Therefore, X(+£L] (x) =1
and so z € (BL]. Consequently, S is regular. O
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Proposition 4.14. ([22]) Let S be an ordered semigroup, then the
following conditions are equivalent:

(i) S is regular,

(ii) BN I = (BIB] for every generalized bi-ideal B and ideal I of S,

(iii) B (a) NI (a) = (B (a) I (a) B (a)] for every a € S.

Theorem 4.15. An ordered semigroup S is regular if and only if for
every (€, € Vqi)-fuzzy generalized bi-ideal F and every (€, € V qy,)-fuzzy
ideal G of S, we have

(FAkG)+j<FokGokF>+.

Proof. Suppose that F'is a (€, € V qy,)-fuzzy generalized bi-ideal and
G a (€, €V qy,)-fuzzy ideal of a regular ordered semigroup S. Let a € S.
Since S is regular, there exits € S such that a < aza < (aza)(za) =
a(zaza). Then (a,zaza) € A, and A, # . Thus,

(FokGok F>+(a)

= (FokGoF)(a)\/%

= k 1-k
B [\/(w)eAa(Fo )W) /\F(z)} Y 2
1—k 1—k
= \/(y,z)GAa [\/(M)Ua ((F(p) ANG(q)) Vv 2> A F(z)} Vg
1—k
= Vioen Vimen, (Fo) AG) AF () v =57
1—k
- \/(W)ma \/(m)eAa (F(p) NG(q) ANF (2)) V —
> (F(a) AG (zaz) A F (a)) V %
Since G a (€,€V qy)-fuzzy ideal of S, we have G (zax) V % >
G (az) A 5% > G (a) . Therefore

1-k
F(a)/\G(xax)/\F(a)/\2]

- |F@a)A <G(:Ua;v)\/1;k> /\F(a)vlgﬂ

Y

[ 1-k
F(a)/\G(a)/\F(a)\/2]
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> <F(a)\/1;k> A <G(a)\/1;k>

= F'(a)A*GT(a).

Thus (F o* G o* F)+ (a) > (F A¥ G)+ (a).

Conversely, assume that (F NFE G)+ =< (F oF G oF F)Jr for every (€,
€V qy,)-fuzzy generalized bi-ideal F and every (€, € V q, )-fuzzy ideal F
of S. To prove that S is regular, by Proposition 4.14, it is enough to
prove that BN I C (BIB] for generalized bi-ideal B and ideal I of S.

Let x € BN 1. Then x € B and « € I. Since B is a generalized bi-
ideal and I an ideal of S, by Lemma 4.4 and 4.5, X-};k is an (€,€V qy)-
fuzzy generalized bi-ideal and X}rk an (€, €V qy)-fuzzy ideal of S. By
hypothesis, (x5 o¥ xro¥ xp)*(2) > (xp A" x1) ¥ (2) = (xpAx1) () V5.
Since z € B and x € I, we have X;;k; () = 1 and X}H“ () = 1. Thus
(xB A xr1) (x)Vi5E = 1. Tt follows that (xpo*xro*xp)*(z) = 1. By using

Lemma 4.3 (iii), we have (xz o* x;of xp)* (z) = X&];IB] (x) . Therefore,
+k

X(BIB] () =1 and so x € (BIB]. Consequently, S is regular. O

Proposition 4.16. ([22]) Let S be an ordered semigroup, then the
following conditions are equivalent:

(i) S is regular,

(ii) RN BN L C (RBL] for every right ideal R, generalized bi-ideal
B and left ideal L of S,

(iii) R(a) N B(a)N L (a) C (R (a) B (a) L (a)] for every a € S.

Theorem 4.17. An ordered semigroup S is regular if and only if for
every (€,€ V qy)-fuzzy generalized bi-ideal F', every (€,€ V q)-fuzzy
right ideal G and every (€, € V qy,)-fuzzy left ideal H of S, we have,

(FAGANH)T < (GoGoH)*.

Proof. Let S be a regular ordered semigroup, F' a (€, € V qy,)-fuzzy
generalized bi-ideal, G a (€, € V q,)-fuzzy right ideal and H a (€, € V q,)-
fuzzy left ideal of S. Let a € S. Since S is regular, there exists x € S
such that a < axa = ara < (azxa)(za) < (axa)x(aza) = (ax)(axa)(xa).
Then ((ax)(aza),xa) € A, and A, # 0. Thus,

(FokGok H>+(a)

- (FokGoH)(a)\/¥
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- [\/(y,z)eAa(F o G)(y) NH (2)} V. %

2)eAa [\/ —— ((F(p) AG(q)) V 1;’“) A H(z)} Y %

1—k
= \/(W EAa\/pqua P)ANG(@) ANH (2))V ——
1—-k
\/ \/pqu p) A G(g) A (Z))VT
1—k
> (F(az) NG (aza) N H (za)) V —5
Since F' is a (€, € V q;,)-fuzzy right ideal G, a (€, € V q;,)-fuzzy gen-
eralized ideal and H a (€, € V qj,)-fuzzy left ideal of S, we have F' (ax)V
158 > F(a)v15E, Glaza) V15 > G(a)AG(a) v I5E and H(za)Vi5E >

H(a)V % Therefore,

F (azx) A G (aza) N H (za)] V 1=k

[ 2
|

F(az) v 1"“) A <G(a:m)\/1;k> A <H(m)v1;’“ﬂ
<F( )V

2
1;’“) A <G(a)\/ 1;’“) A <H(a)\/1;kﬂ

= FY(a)A*GT (a) \*"HT (a).

Thus (F o G o H)" (a) > (FA* G AY H) " (a).

Conversely, assume that (A AF p A p)+ =< (AoF po¥ p)+ for every
(€, €V qy)-fuzzy right ideal F, every (€, € V q,)-fuzzy generalized ideal
G and every (€,€V qy)-fuzzy left ideal H of S. To prove that S is
regular, by Proposition 4.16, it is enough to prove that RNBNL C (RBL)|
for right ideal R, generalized bi-ideal B and left ideal L of S. Let
x € RNBNL. Thenx € R, x € Band x € L. Since R is a right ideal, B a
generalized bi-ideal and L a left 1deal of S, by Lemma 4.4 and 4.5, x|, R is
an (€,€V qk) fuzzy right ideal, x 1, B an (€, € V qy)-fuzzy generalized bi-
ideal and XL an (€, € V q,,)-fuzzy left ideal of S. By hypothesis, (yr o*
xg oF xp)t(x) > (xr A" xB AF xp)t(2) = (xr A xB A x)(@) v 5
Since x € R, x € B and =z € L, we have XEk =1, ng = 1 and
XiF = 1. Thus (xr A* x5 AF xp)t (@) = (xe A xs A xe) (@) vV 5E =1
Follows that (xr o x5 of xr)*(x) = 1. By using Lemma 4.4 (iii), we
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have (xg of xp o* xp)* = erlfBL]' Therefore, XEL}?BL](Q:) = 1 and so
€ (RBL]. Consequently, S is regular. O

Proposition 4.18. ([22]) Let (S, -, <) be an ordered semigroup, then
the following conditions are equivalent:

(1) S is left weakly regular,

(2) INL C (IL] for every ideal I and left ideal L of S,

(3) I(a) N L(a) C (I(a)L(a)] for every a € S.

Theorem 4.19. An ordered semigroup (S, -, <) is left weakly regular
if and only if for every (€, € V q,)-fuzzy ideal F and every (€,€ V q,)-
fuzzy left ideal G of S,

(FAFG)T < (FoF o)t

Proof. Suppose that F is a (€, € V q;)-fuzzy ideal and G a (€, € V @y, )-
fuzzy left ideal of a left weakly regular ordered semigroup S. Let a € S.
Since S is left weakly regular, there exists x,y € S such that a < raya =
(za)(ya). Then (za,ya) € Ag and A, # 0. Thus,

1-k
2
- [vyz)eA )/\G( )) #

> (F (2a) AG (ya)) v #

<FokG>+(a) — (FoG)a)V

Since F' is an (€, € V q;,)-fuzzy ideal and G an (€, € V q,)-fuzzy left
ideal of S we have F (za) V % > F(a)V % and G (ya) V % >

G (a) v 15%. Therefore,
(F (za)V 1;k> A (G (ya) Vv 1gk>]
F V —

(F(m)AG(ya))vﬂ _
(a) 1;k>A(G(a)v1;k>
= FT(a) A\*GT(a).

- -
= (
Thus (F o* G)Jr (a) > (F A¥ G)Jr (a).
Conversely, assume that (A AF )~ < (A o% )~ for every (€,€ V qy)-

fuzzy ideal A and every (€, € V qy,)-fuzzy left ideal p of S. To prove that
S is left weakly regular, by Proposition 4.18, it is enough to prove that

INL C(IL] for ideal I and left ideal L of S.
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Let x € INL. Then x € I and x € L. Since [ is an ideal and L a left
ideal of S, by Lemma 4.4 and 4.5, X}rk is an (€, € V qy,)-fuzzy ideal and
X5 an (€, € V qy)-fuzzy left ideal of S. By hypothesis, (y; oF x1)*(z) >
(xr AF xp) T (@) = (X¥ Ax%)(z) v 155, Since z € I and o € L, we have
x;* =1 and xf* = 1. Thus (x]* A x}%)(2) v 128 = 1. Tt follows that
(x1 oF xp)t(z) = 1. By using Lemma 4.3 (iii), we have (x; o xz)T =
X?}’z]( x). Therefore, X(IL]( xz) = 1 and so x € (IL]. Consequently, S is

left weakly regular. O

Proposition 4.20. ([22]) Let S be an ordered semigroup, then the
following conditions are equivalent:

(i) S is left weakly regular,

(ii)) I N B C (IB] for every generalized bi-ideal B and every ideal I
of S,

(iii) I(a) N B(a) C (I(a)B(a)] for every a € S.

Theorem 4.21. An ordered semigroup (S, -, <) is left weakly regular
if and only if for every (€, €V qy,)-fuzzy ideal F' and every (€, €V qj,)-
fuzzy generalized bi-ideal G of S,

(FAFG)T < (FoF o)™

Proof. Suppose that F'isa (€, € V @, )-fuzzy ideal and G a (€, € V q,)-
fuzzy generalized bi-ideal of a left weakly regular ordered semigroup S.
Let a € S. Since S is left weakly regular, there exists =,y € S such
that a < zaya < z(zraya)ya = (z?ay)(aya). Then (z?ay, aya) € A, and
A, # 0. Thus,

(FobG) (@) = (FoG)(a)v

1-k

= [\/yz)GA NG|V ——
1-k
2

Since F'is a (€, € V @, )-fuzzy ideal and G a (€, € V q;,)-fuzzy general-
ized bi-ideal of S, we have F (z%ay) V % > F(ay)V l_k > F(a)V 3 1=k
and G (aya) V % > (G(a) NG (a))V % =G (a)V 1 . Therefore
k

F (any) A G (aya) V 1%

= [(F (z%ay) v 1gk> A (G (aya) v 1gk>]

> (F (ZC ay) A G (aya)) vV
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> (F(@MQ’") A <G(a)/\1;k>

= F*(a) N*G* (a)

Thus (F o G)+ (a) > (F AP G)+ (a).
Conversely, assume that ()\ NF u)+ = (/\ ok M)Jr for every (€,€ Vv qy)-
fuzzy ideal F' and every (€, € V q;,)-fuzzy generalized bi-ideal G of S. To

prove that S is left weakly regular, by Proposition 4.20, it is enough to
prove that

IN B C (IL] for ideal I and generalized bi-ideal B of S.

Let x € INB. Then z € I and x € B. Since [ is an ideal and B a
generalized bi-ideal of S, by Lemma 4.4 and 4.5, X}Fk is an (€,€V qy)-

fuzzy ideal and ngk an (€, €V qy)-fuzzy generalized bi-ideal of S. By
hypothesis, (x7 o x5)™(x) > (xr A" x8)T(z) = (x1 A xB)(z) v 3£,
Since z € I and x € B, we have X}H“ () =1 and ng (z) = 1. Thus
(xr A xB)(z) v i5E = 1. It follows that (x; of xp)*(z) = 1. By using

Lemma 4.3 (iii), we have (x; o xp)* = X&k - Therefore, X?}IE] () =1

and so z € (IB]. Consequently, S is left weakly regular. O
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